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Abstract
Let R be a commutative Noetherian ring, E a non-zero ﬁnitely generated R-module and I a E-proper
ideal of R. The purpose of this paper is to provide some new characterizations of when all powers
of I are Ratliff–Rush closed with respect to E and to answer a question raised by W. Heinzer et al.
in (The Ratliff–Rush Ideals in a Noetherian Ring: A Survey, in Methods in Module Theory, Dekker,
NewYork, 1992, pp. 149–159).
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1. Introduction
Throughout this paper, all rings considered will be commutative and Noetherian and will
have non-zero identity elements. Such a ring will be denoted byR, and the terminology is, in
general, the same as that in [3]. Let Ibe an ideal ofR, and letEbe a non-zeroﬁnitely generated
module over R. We denote by R the Rees ring R[u, I t] :=⊕n∈ZIntn of R w.r.t. I, where
t is an indeterminate and u = t−1. Also, the graded Rees module E[u, I t] := ⊕n∈ZInE
over R is denoted by E, which is a ﬁnitely generated graded R-module. We shall say that
I is E-proper if E/IE = 0, and, when this is the case, we deﬁne the E-grade of I (written
grade(I, E)) to be the maximum length of all E-sequences contained in I. For any ideal I
of R, the radical of I, denoted by Rad(I), is deﬁned to be the set {x ∈ R : xn ∈ I for some
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n ∈ N}. A brief summary of the results in this paper will now be given. In [8], Ratliff and
Rush studied the interesting ideal,
I˜ =
⋃
n1
(In+1:RIn)= {x ∈ R : xIn ⊆ In+1 for some n1},
associated with I. If grade I > 0, then this new ideal has some nice properties. For instance,
for all sufﬁciently large n, I˜ n = In. (1.1)
They also proved the interesting fact that, for any n1, I˜ n is the eventual stable value
of the increasing sequence,
(In+1:RI) ⊆ (In+2:RI 2) ⊆ (In+3:RI 3) ⊆ · · · .
In [6], a regular ideal I, i.e., grade I > 0, for which I˜ = I is called a Ratliff–Rush closed
ideal, and the ideal I˜ is called the Ratliff–Rush ideal associated with the regular ideal I. (For
more information about the Ratliff–Rush ideals, see [5,6 and 9].) Subsequently, Heinzer
et al. [4] introduced a concept analogous to this for modules over a commutative ring. Let
us recall the following deﬁnition:
Deﬁnition 1.1 (see, Heinzer et al. [4]). Let R be a commutative ring, let E be an R-module
and let I be an ideal of R. The Ratliff–Rush closure of I w.r.t. E, denoted by I˜E , is deﬁned to
be the union of (In+1E:EIn), where n varies in N, i.e., I˜E = {e ∈ E : Ine ⊆ In+1E for
some n ∈ N}.
IfE=R, then the deﬁnition reduces to that of the usual Ratliff–Rush ideal associated to I
inR (see, [8]). Furthermore, I˜E is a submodule ofE, and it is easy to see that IE ⊆ I˜E ⊆ I˜E .
The ideal I is said to be Ratliff–Rush closed w.r.t. E if and only if IE = I˜E .
At the end of [4], the authors ask:What conditions ensure that all suitably high powers
of I are Ratliff–Rush closed w.r.t. E. That is: When does the above condition (1.1) extend to
the Ratliff–Rush closure with respect to a module? This is answered in Proposition 2.2(iv).
Let R be a Noetherian ring and E a ﬁnitely generated R-module. For any ideal I of
R, we denote by GR(I) (resp. GE(I)) the associated graded ring
⊕
n0I
n/In+l (resp.
the associated graded GR(I)-module
⊕
n0I
nE/In+1E). Heinzer et al. have shown in
[4, Fact 9] that there exists an element in the homogeneous ideal⊕n1In/In+1 that is a
non-zerodivisor on the moduleGE(I) if and only if for all positive integers n, I˜ nE=InE.As
the main result of Section 3, we characterize, when all powers of an ideal I are Ratliff–Rush
closed with respect to E in terms of the associated prime ideals of GE(I).
2. Some properties of Ratliff–Rush closures
In this section, we prove several properties of the Ratliff–Rush closures of powers of
ideals with respect to a ﬁnitely generated module E over a commutative Noetherian ring R.
The following lemma, which is a consequence of theArtin–Rees Lemma, is assistant in the
proof of 2.2.
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Lemma 2.1. Let R be a Noetherian ring and let E be a non-zero ﬁnitely generated
R-module. Suppose that I is an E-proper ideal of R such that grade (I, E)> 0. Then for all
large n, (In+rE:EI r)= InE for every integer r1.
Proof. It is enough to show that (In+1E:EI)= InE for all large n. To this end, let x ∈ I
be an E-regular element and let l be an integer as in [1, Lemma 2.10]. By applying the
Artin–Rees Lemma to xE ⊆ E, we see that there exists t > 0 such that for all large n, we
have In+1−t (I tE ∩ xE) = In+1E ∩ xE. Now, since In+1E ∩ xE = x(In+1E:Ex), we
deduce that x(In+1E:Ex) ⊆ xIn+1−tE. It implies that (In+1E:Ex) ⊆ In+1−tE ⊆ I lE,
(note that x is an E-regular). Consequently, InE = (In+1E:EI) ∩ I lE = (In+1E:EI), as
desired. 
Proposition 2.2. Let the situation be as in Lemma 2.1. Then the following conditions hold:
(i) Let T be a Noetherian ring which is a ﬂat R-module. Then I˜E
⊗
RT = (I˜T )E⊗RT . In
particular, if S is a multiplicatively closed subset of R, then S−1(I˜E)= (S˜−1I )S−I E .
(ii) Suppose that I is generated by a quasi-regular E-sequence. Then, all powers of I are
Ratliff–Rush closed w.r.t. E.
(iii) Let n1 be an integer. Then, I˜ nE is the eventual stable value of the increasing
sequence,
(In+1E:EI) ⊆ (In+2E:EI 2) ⊆ (In+3E:EI 3) ⊆ · · · .
(iv) I˜E ⊇ I˜E2 ⊇ · · · ⊇ I˜ nE = InE for all large n; so that, In is Ratliff–Rush closed
w.r.t. E.
Proof. (i) To prove part (i) use [7, Theorem 18.1] and the deﬁnition.
(ii) This follows easily from [3, Theorem 1.1.8] and [4, Fact 9].
(iii) By the deﬁnition, we have I˜ nE =
⋃
k1(I
n+nkE:EInk). Now, it is readily seen that
this the same set as
⋃
k1(I
n+kE:EIk). So (iii) holds.
(iv) For every integer n1, we have
⋃
k1
(In+kE:EIk) ⊇
⋃
k1
(In+k+1E:EIk),
so that, by (iii), I˜ nE ⊇ I˜ n+1E . On the other hand, by Lemma 2.1, for all sufﬁciently large n,
(In(k+1)E:EInk) = InE for all integers k1. Hence the deﬁnition yields that, I˜ nE = InE
for all large n, as desired. 
Remark 2.3. LetA be a commutative Noetherian ring and X a ﬁnitely generatedA-module.
For an ideal J of A and a submodule Y ⊆ X, the increasing sequence of submodules,
Y ⊆ (Y :XJ ) ⊆ (Y :XJ 2) ⊆ · · · ⊆ (Y :XJn) ⊆ · · · ,
becomes stationary. Denote its ultimate constant value by Y :X〈J 〉. Note that Y :X〈J 〉 =
Y :XJn for all large n.
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One has AssAX/(Y :X〈J 〉)=AssA(X/Y )\V (J ). Therefore the primary decomposition
of Y :X〈J 〉 consists of those primary components ofY whose associated prime ideals do not
contain J. Now, with the assumption given in Lemma 2.1, it follows from Proposition 2.2
that for every integer n1, (unE:E〈I t〉) ∩ E = I˜ nE .
3. Main theorem and its proof
It will be shown in this section that the subjects of the previous section can be used to
give a number of characterizations when all powers of an ideal I are Ratliff–Rush closed
with respect to a ﬁnitely generated module over a commutative Noetherian ring. In fact,
six, such characterizations are given in Theorem 3.3.
Following [2], we shall useA∗(I, E) to denote the ultimately constant values ofAssRE/
InE for all large n.
Proposition 3.1. Let R be a Noetherian ring and E a non-zero ﬁnitely generated R-module.
Let I and p be ideals of R such that I ⊆ p ∈ Spec R and grade (I, E)> 0. Then,
(i) There exists an integer n1 such that p ∈ AssRE/InE, if and only if, there exists
q ∈ AssRE/uE with q ∩ R = p.
(ii) p ∈ A∗(I, E), if and only if, there exists q ∈ AssRE/uE such that q ∩ R = p and
I tq.
(iii) There exists an integer n1 such that p ∈ AssRE/InE\A∗(I, E), if and only if,
q := (u,p, I t) is only element of AssRE/uE such that q ∩ R = p.
Proof. (i) Let n1 be an integer and p ∈ AssRE/InE. Then, there exists e ∈ E such
that p = (InE:Ee). It is easy to see that, p = (unE:Ret0) ∩ R. Now, by [1, Lemma 2.2],
there exists ctm ∈ R such that q = (unE:Rcetm) is a prime ideal of R such that q ∩ R
= p.
Conversely, suppose q ∈ AssRE/uE and q ∩ R = p. Then, there exists a homogeneous
element etk ∈ E, e ∈ E, such that q = (uE:Retk), by [3, Lemma 1.5.6]. Certainly k0,
since etk /∈ uE. Accordingly, p= q∩R= (uE:Retk)∩R= (I k+1E:Re). Hence we obtain
p ∈ AssRIkE/Ik+1E, and so p ∈ AssRE/Ik+1E, as required.
(ii) As grade(I, E)> 0, the claim follows easily from [1, Propositions 2.9 and 2.11].
(iii) As q := (u,p, I t) is the largest homogeneous prime ideal inR such that q∩R= p,
the desired result follows from (i) and (ii). 
The following theorem will serve to shorten the proofs of the main theorem.
Theorem 3.2. Under assumption given in Proposition 3.1, the following conditions are
equivalent:
(i) (u,p, I t) ∈ AssRE/uE.
(ii) There exists an integer n1 such that p ∈ AssR(In+1E:EI) ∩ In−1E/InE.
(iii) There exists an integer n1 such that p ∈ AssR(In+1E:EI)/InE.
(iv) There exists an integer n1 such that p ∈ AssRI˜ nE/InE.
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Proof. (i)⇒(ii) Let (u,p, I t) ∈ AssRE/uE. Then, by [3, Lemma 1.5.6], there exists a
homogeneous element etk ∈ E such that (u,p, I t)=(uE:Retk). Clearly, we have k0 and
e ∈ I kE\I k+1E. (Note that etk /∈ uE.)As Ietk+1 ⊆ uE, we obtain e ∈ (I k+2E:EI)∩I kE.
Moreover, p= (u,p, I t)∩R= (I k+1E:Re). Hence p ∈ AssR(I k+2E:EI)∩ I kE/Ik+1E,
as required.
(ii)⇒(iii) Is obvious.
(iii)⇒(iv) As Proposition 2.2 shows that (I k+nE:EIk) = I˜ nE for all large k, the claim
therefore follows.
(iv)⇒(i) Suppose there exists an integer n1 such that p ∈ AssRI˜ nE/InE. Then p =
(InE:Ee) for some e ∈ I˜ nE . Consider aminimal primary decompositionQ1∩Q2∩· · ·∩Qs=
unE in E such that for each 1 is,Rad(Qi :RE)=pi . After an appropriate reordering of
the pi’s, there will be an integer t0 such that ts and I tpi for 1 i t and I t ⊆ pj for
t + 1js. As I˜ nE = InE, we see that t < s, by Remark 2.3. On the other hand, because
AssRE/uE={p1,p2, . . . ,ps}, by Proposition 3.1, there exists 1 is such thatpi∩R=p.
In order to prove (i), it is enough to show that there exists t + 1 is such that pi ∩R=p.
To this end, suppose the contrary and look for a contradiction. Let h be an integer such
that h t and let p1,p2, . . . ,phbe the elements of AssRE/uE such that pi ∩R = p for all
i=1, 2, . . . , h. LetF := Q1∩· · ·∩Qh∩E andL := Qh+1∩· · ·∩Qs∩E. Then, by Remark
2.3, I˜ nE ⊆ F and F ∩L= InE. Hence e ∈ F and since p= (InE:Re)= (L:Re), it follows
that p ∈ AssRE/L. On the other hand, because of L = (Qh+1 ∩ E) ∩ · · · ∩ (Qs ∩ E)
is a primary decomposition for L, we see that AssR(E/L) ⊆ {ph+1 ∩ R, . . . ,ps ∩ R}.
Consequently there exists an integer h+ 1js such that p= pj ∩R, and so, we have a
contradiction. 
We are now ready to state and prove the main theorem of this section, which gives six
characterizations of Ratliff–Rush closed of all powers of an ideal I with respect to a ﬁnitely
generated module over a commutative Noetherian ring. Of these, it is already known that
(v)⇔ (vii), by [4, Fact 9].
Theorem 3.3. Let the situation be as in Proposition 3.1. Then the following conditions are
equivalent:
(i) I tp for all p ∈ AssRE/uE.
(ii) (In+1E:EI)= InE for all integers n1.
(iii) (In+1E:EI) ∩ In−1E = InE for all integers n1.
(iv) There exists an integer k1 such that (In+kE:EIk)= InE for all integers n1.
(v) All powers of I are Ratliff–Rush closed w.r.t. E.
(vi) There exists an integer k1 and an element x in I k such that (In+kE:Ex)= InE for
all integers n1.
(vii) There exists an element in the homogeneous ideal⊕n1In/In+1 of GR(I) that is a
non-zerodivisor on the associated graded module GE(I).
Proof. The equivalence of statements (i), (ii), (iii), (v) and (vii) follows easily from the
Theorem 3.2 and [4, Fact 9]. Next, we show (iv)⇒(v). To do this, in view of Proposition
2.2, it is enough to show that for any m1, we have (In+mkE:EImk) = InE. To see this,
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we use induction on m. When m= 1, there is nothing to prove. So suppose that m> 1 and
that the result has been proved for smaller values of m. Now, by assumption given in (iv)
and the induction hypothesis, we have
(In+mkE:EImk)=((In+mkE:EIk):EI (m−1)k)
= (In+(m−1)kE:EI (m−1)k)
= InE.
It completes the inductive step.
The implication (ii)⇒(iv) is evident. In order to show that (vi)⇒(iv), for any n1, we
have InE ⊆ (In+kE:EIk) ⊆ (In+kE:Ex)= InE, and so (iv) holds.
Finally, in order to complete the proof we have to show that (i)⇒(vi). Assume that
(i) holds. Then (I t)p for all p ∈ AssRE/uE. Accordingly, by [3, Lemmas 1.5.6 and
1.5.10], there exists a homogeneous element xtk in (I t) such that xtk is a non-zerodivisor
on E/uE. Then x ∈ I k and (unE:E xtk)= unE for all n1. (Note that, as xut ∈ (I t)\uE,
it follows that k1.) Consequently, we can deduce that, InE = unE ∩ E = (unE:Extk) ∩
E = (In+kE:Ex), as required. 
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